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ABSTRACT 

He  discuss  an  attempt  to  generalize  Denjoy's  theorem  on  circle  saps  to 
maps  of  two-dimensional  manifolds*  In  particular,  we  prove  that  if  a  C3 
dif feomorphism  of  a  compact  two  manifold  has  a  point  interior  to  its  stable 
set,  then  that  point  must  have  a  periodic  w -limit  set,  provided  the  map  is 
'expansive'  off  the  stable  set.  He  also  give  a  simple  example  showing  that 
some  sort  of  technical  condition  is  needed,  if  the  assumption  'expansive  off 
the  stable  set*  is  to  be  removed. 
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SIGNIFICANCE  AMD  EXPLANATION 

dynamical  systems  on  manifolds ,  i.e.,  iterates  of  a  map  from  a 
manifold  to  itself,  can  serve  as  sivple  qualitative  models  of  real  systems  in 
physios,  biology,  and  other  sciences.  Even  maps  on  manifolds  of  low  dimension 
(one  and  two)  have  been  used  as  models  since  coaplicated  dynamics  often 
appears  already  in  this  setting.  Often,  when  one  is  studying  a  model  of  a 


y  52- 

physical  or  biological  system,  one  is  particularly  interested  in  the  stable""^ 
orbits,  i.e.  if  a  small  error  is  made  in  setting  the  initial  conditions,  we-^ — 
weuld  hope  that  this  error  would  not  grow  with  time,  and,  even  better,  that  it 
would  decay  with  time.  Such  stable  orbits  have  long  been  observed,  e.g. 
stable  fixed  points,  periodic  orbits  form  the  most  elementary  examples.  It 
was  shown  by  Denjoy  that  for  maps  which  are  sufficiently  smooth 
diffeomoxphisms  of  the  circle,  these  are  the  only  examples  of  stable  orbits, 
i.e.  any  stable  orbit  must  be  asymptotic  to  a  periodic  orbit. 

In  this  report  jwr  attempt^o  generalise  this  theorem  to  diffeomorphisms 

on  two'-dimensional  manifolds.  The  theorem  ws  give  requires  the  extra 

prtt / r 


condition  that  the  map  be  'expansive  *  off  the  stable  set,  and  As  present  an 

additional  technical  condition  will  be 
necessary  if  'expansive*  is  to  be  removed. 


easy  example  which  shows  that  s 

r  is 


N 


the  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summery  lies  with  MMC,  and  not  with  the  author  of  this  report. 


A  GENERALIZATION  OP  DEMJOY'S  THEOREM  ON  D1 PPEOHORPH ISMS  OP  THE  CIRCLE 


Gian  Richard  Hall 

Introduction.  When  considering  discrete  dynamical  system  as  eodels  of  real  processes  it 
is  important  to  know  which  initial  conditions  are  stable  under  (Mil  perturbations,  i.e.. 
If  a  small  change  is  made  in  the  initial  state,  what  will  be  the  effect  after  many 
iterates.  "Sensitive  dependence  on  initial  conditions",  where  a  small  change  in  initial 
state  makes  a  large  change  in  the  asymptotic  behavior  of  the  system  is  commonly  observed 

(see  (S] } .  Alternately,  one  frequently  finds  stable  orbits  which  are  periodic  or  fixed 

\ 

points  of  a  system.  Finally,  it  is  clear  that  we  could  construct  continuous  maps  of 
Mtric  spaces  which  have  stable  orbits,  i.e.  orbits  where  a  small  change  in  the  initial 
condition  will  die  out  under  iteration,  but  such  that  the  orbit  is  not  periodic  or 
asymptotic  to  a  periodic  orbit. 

Surprisingly,  perhaps,  the  existence  of  examples  of  the  third  type  puts,  in  certain 
circumstances ,  limitations  on  the  differentiability  of  the  system,  in  particular,  if 
S’  is  the  circle  and  f  i  S*  ♦  S'  is  a  C2  diffeemorphism  of  the  circle  then  if  an 
orbit  is  'stable'  under  a  slight  change  in  initial  conditions  (i.e.  if  the  perturbation 
dies  out  with  time),  then  the  orbit  is  esymototic  to  a  periodic  orbit.  (This  theorem  of 
Den joy  (1]  is  the  center  piece  of  a  classification  for  maps  of  the  circle,  see  (4).) 
Denjoy  also  constructed  C'-diffeomorphisms  of  S'  which  have  no  periodic  orbits,  but 
which  have  'stable'  orbits  as  described  above.  Ibis  report  is  a,  not  particularly 
successful  attempt  to  generalise  the  theorem  of  Denjoy  to  two  dimensions. 

Recently,  a  difficult  and  beautiful  construction  of  Harrison  (see  [2,3] )  gives  an 
example  which,  although  constructed  for  a  different  purpose,  seems  to  imply  that  the 
"correct"  generalisetion  of  Denjoy* s  theorem  is  that  in  two-dimensions  we  should  replace 
C2  by  C3,  i.e.,  that  for  a  C3-diffeomorphlsm  of  a  two-dimensional  compact  manifold. 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG2$-8fl-C-0041  and  a  National 
Science  foundation  Postdoctoral  fellowship. 


•vary  'stab la'  orbit  la  aaywptotic  to  a  par Iodic  orbit.  «•  glee  on  aaay  axaapla  which 
indleataa  that  this  la  not  the  caaa,  and  we  giwe  a  theoraw  which  atataa  that  if  tha  aap  la 
'expanding'  away  from  tha  atabla  orbit  than  auch  a  theoraw  doaa  hold.  It  eeeaa  to  tha 
author  that  there  la  atill  considerable  rooo  between  the  theoraw  and  the  exaaple. 


» 


Definitions  and  MoU tlons.  Let  M  be  a  aetrie  spec#  with  aetrie  p.  In  the  eectiona 
which  fellow  the  space  M  will  he  a  saooth  aanlfold;  however  the  following  definitions 
■she  sense  for  any  aetrie  space. 

Definition!  Suppose  f  :  M  ♦  M  is  continuous.  Then  we  let 

1)  f»  3  identity,  f"  -  f  •  fn-1 

2)  the  a-liait  set  of  a  point  x  e  M  is 

m(x)  -  (”)  closure  {f*(x)  >  a  >  n}. 
n>0 

Definition:  A  set  S  C  M  is  said  to  be  periodic  under  a  nap  f  i  M  ♦  M  if  there 
exists  n  >  0  such  that  for  every  x  e  S  we  have  f”(x)  "  x  (i.e.  every  point  of  S  is 
periodic  with  period  n) . 

Rework :  Me  do  not  require  that  the  least  period  of  every  point  of  S  be  n. 

Definition:  The  stable  set  of  a  point  x  e  M  under  a  nap  f  :  M  ♦  II  is 
M*(x,f)  -  {y  :  p(fn(y),fn(x))  ♦  0  as  n  ♦  »)  . 


aft— nt  mJ  Proof  of  ths  Theorem .  A*  wi  pointed  out  in  the  introduction,  the  theorem 
of  Denjoy  on  homeoswrphlsms  of  the  circle  S'  can  be  interpreted  aa  saying  that  if 
f  t  S'  e  S'  ia  a  sufficiently  saooth  diffeomorphism  then  x  e  interior  (W*(x,f)) 
implies  m(x)  ia  a  periodic  set.  The  following  theoro*  is  an  attempt  to  generalise  this 
to  two  dimensions.  We  let  in  polar  coordinatas  A  «  { (r ,#)  S  K2  >  1  <  r  <  2}  be  the 
annulus  and  to  avoid  the  necessity  for  local  coordinates  we  will  state  the  theorem  for 
this  manifold,  however  it  will  he  clear  from  the  proof  that  the  theorem  holds  for  any 
smooth  compact  two  dimensional  manifold.  Let  u  and  p  denote  the  usual  measure  and 
metric  on  A  respectively. 

Theorem i  Suppose  f  t  A  *  A  is  a  C3  diffaomorphism  and  Xg  fl  A  satisfies 

1)  x0  e  interior  (W*<Xg,f)) 

2)  |Df|(y)  >  1  for  all  y*U  f"(W*(x0,f)) 

n>0 

(where  |Df|  denotes  the  Jacobian  of  f). 

Then  w(xQ)  is  a  periodic  set. 

Remark j  clearly  condition  (2)  is  very  restrictive.  Sy  the  end  of  the  proof  certain 
generalisations  will  be  clear,  however  they  all  require  that  f  be  "expansive*  on  a  large 
set  of  points.  The  example  of  the  next  section  shows  that  same  sort  of  technical 
condition  is  necessary  if  condition  (2)  is  to  be  removed. 

Proof!  Suppose  f  i  A  ♦  A  is  a  C3  homeomorphiam  and  there  exists  Xg  S  A  such  that 
(1),  (2)  are  satisfied,  we  may  assume 

(*)  f1(w*(x0,f)J  n  f3(w*<*0,f))  -  p  wi  >  j  >  o  . 

For  suppose  (•)  does  not  hold,  i.e.,  3i  >  j  >  0  and  s  e  A  with 
s  «  fi(w“(Xg,f>)  n  f^(w*(Xg,f)).  Then  there  exists  x^Xj  e  w*(x0,f)  with 
f1(x1)  ■  s  -  f^(xj).  Bence 

P(f"(s),fn+1(x0))  ♦  0,  p(fn(s>,fn+3(Xg>>  ♦  0  as  n  ♦  • 

which  implies 

<•*>  p(fn+i’1(Xg),fn(x0)>  ♦  0  as  n  ♦  -  . 

Suppose  w  e  w(xQ) .  Then  there  exists  n^  ♦  "  with 


-  lia  f  (*« ' 


But  than  by  I**) 


w  *  11a 


f**  *(xft)  "  fi_^(lia  f^tx.))  “  fi-^{* 


i.a.  tha  sat  a(xg)  1*  periodic  with  pariod  i  -  i.  Hence  it  suf fleas  to  ass 


asm  that  (•) 


Lat  u  -  M(fn(«*(xft,f)))  and 
n  u 


aax  ain  p(r,y) 

yefn(W*(xn,f))  «UfV(x.,f)l 


Than  J  |i  <1  by  *,  and  by  tha  dafinition  of  *  wa  saa  that  for  aach  n  thara 
-  n  n 

n-0 

exists  y  e  f"(W*(x0,f))  with  {«  «  p(y  ,s)  <  e  >  C  fn(w*(x0,f) ),  so 


l  <  l  *  <  1  . 


«  n  «  n 

n»0  n-0 


(8m  Flour*  I,) 


fn(W8(x,>.f» 


,  Te'-  V  "  ,x0 

'  -  J 


Figure  1 


for  aach  n  >  0,  lat  *n  fn(w*(x0,f>)  be  chosen  so  that 


|0f|(sB) 


ain  |Df Its)  , 


s«f  »w’(x0,f)> 


»°  iDfl(S-)  <  — —  for  all  n.  Suppose  <  t.  Than  s  is  a  local  ain  for  |Df| 


V1  •**, 

and  D|Df | < «n )  ”  0.  Fix  n^  ♦  •  »uch  that  -ji —  <  1  for  all  k  and  if  <  1 

than  n  *  n^  for  mb*  k.  Fix  ■  ■  for  aoae  k.  Than  by  tha  dafinition  of  c 
thara  axlata  %  «  *f"<W*<x0,f ) >  with  pts^.w^)  <  and  |Df|(va)  -  1  by  (2).  But 
than  by  tha  naan  valua  thaoraa  thara  axlata  a  on  tha  se^pMnt  joining  and  «a  such 


D|Df|(aa)  >  - — 


But  than,  again  by  tha  naan  valua  thaoraa  thara  axlata  a  on  tha  vacant  joining  «a 
and  a_  such  that 


D  |Df | (#  )  > 


2 


( Saa  Figura  2.) 


segment  t  w 


Figura  2 


How  since  f  is  C  thara  exists  a  constant  K  >  0  such  that 

D2|Df|(8a)  <  K  , 

and  K  is  independent  of  a  -  n^.  nance  wa  see  that  for  all  k  >  0 


JM>  wmdU.  Zb  thla  Motion  m  construct  a  ralatlraly  aaay  axaapla  showing  that  oondltlon 
(2),  o r  km  almllar  condition,  la  nacaaaary  la  tha  thaoraa  of  tha  pr*  coding  a  action,  in 
particular  wa  ahow 

Thaoraa  i  Thara  axlata  a  c"  dlffaoaorphlaa  f  t  a  ♦  A  auch  that  thara  axlata  Xp  «  A 
with  x0  a  lntarior  W*<Xp,f)  but  m(kq  )  1*  not  a  parlodlc  aat . 

Froofi  lot  ft  »  A  *  A  ba  dafinad  by 

f^r.aj  - 

*  m 

whara  f(  i  B'  ♦  S'  la  a  C  dlffaoaorphlaa  having  two  flxad  point*  which  ara  nodaa  at 
0  and  w,  with  poaltlva  aacood  darivatlva  at  aach  noda  and  f*  naar  *aro.  (Saa 

t 

Flgura  3.) 


rigor*  3 


Fix  #1fa2  «  (0,*),  e3,e4  «  (*,2»)  auch  that 

m  m 

*  ®a*  f(®3>  *  •«  1#t  T'1  1  *  10,11  » 

°2  *  *®j#®4*  *  ^°*11  **•  c  poaltlwa  bunp  function*  with  *  1  for 

fV*al  -  *®1»®2,»  "a  "  1  for  lff3'®4]  -  <®3'®4>*  ¥*  la’I  <  4. 

Daflna  g,  i  A  ♦  »  i 

•  <r,8)  ♦  (r  -  1^(8)  •  (r  -  1»,8) 

«3  i  A  ♦  * 

1  ®4  ’  *3 

•  (r#8)  ♦  (r,8  -  na<8)  •  •  (8  - j— *))  * 

Finally  lot  h(  •  ^  •  g,  •  f,.  (s*a  rigor a  4.) 


Figure  4 

How,  let  B  C  a  be  e  subeet  of  (-|,2)  *  (8 ^ 2>  (see  Figure  S).  Then  h[j(B)  limits 
onto  e  segunt  contained  in  (^,1)  x  {*}  .  By  a  c”  small  perturbation  of  hQ  near  the 
line  6  ■  »,  we  can  create  a  map  h,  such  that  h1  has  no  fixed  points  on  <^,2)  *  {»} 
and  there  exists  H1  >  0  with  hj  (B)  £  (—,2)  x  (®3#94>«  Bow  h"(B)  will  tend,  as 

n  ♦  •  to  the  segunt  (~,2)  *  {0} .  By  a  c  small  perturbation  of  h1  near  8  ■  0  we 

N2 

can  create  a  map  h2  such  that  there  exists  Hj  >  0  with  h2  (b)  C  b.  continuing  in 

«• 

this  manner  we  can  create  a  sequence  of  C  diffeomorphisas  into  A  converging  to  the 
dif feomorphlsm  f  from  A  into  A  such  that  fn(B)  is  contained  in  the  sets 
[1,2]  x  (8 ^ »®2 )  and  [1,2]  *  (8^8^)  infinitely  often  and  f  is  C  close  to  hQ- 
Hence  each  point  in  the  Interior  of  B  is  in  the  interior  of  its  stable  set.  Moreover, 
for  each  x  «  B,  «(x)  includes  points  in,  for  example,  {1}  x  { 8 ^  »©2 > •  B*”0* 
the  m-llmit  set  is  not  periodic  and  the  construction  is  complete. 


Concluding  Raearh.  It  eaane  that  there  la  atill  considerable  room  between  tha  thaoraa  and 
tha  example  given  above.  In  particular  tha  proof  of  tha  thaoraa  ia  ’local"  in  nature,  not 
using  tha  fact  that  tha  images  of  tha  atabla  aat  return  clone  to  one  another  —  it  ia  thia 
fact  which  allova  the  thaoraa  of  Dan joy  on  s'  to  be  lap roved  froa  "C2"  to  "C1  plua 
bounded  variation  of  tha  derivative".  One  hopea  that  conaidarable  ieprovaaent  ia  poealble 
in  the  above,  parhapa  uaing  a  eore  global  approach,  but  we  don't  know. 


It 
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